Abstract. A fundamental question in the field of cohomology of dynamical systems is to determine when there are solutions to the coboundary equation:
Introduction
We give new fundamental results concerning solutions to the coboundary equation:
There has been substantial progress in many cases such as homogeneous spaces, smooth actions, lie groups, as well as many other important families of dynamical systems. Most previous research focuses on the case where a measurable transformation, or topological dynamical system is specified, and a solution g is sought for individual f or families of functions f (e.g., Hölder f ). In this paper, we study the situation from the general perspective of solutions T and g where f may be any real-valued measurable function, or function f ∈ L p for p ≥ 0. Let (X, B, µ) be a standard probability space 1 , and for p > 0, define the standard L p space, L p = {f : X → IR|f is measurable and X |f | p dµ < ∞}.
Date: February 2019. 1 In this paper, standard probability space means isomorphic to [0, 1] with Lebesgue measure.
X f dµ = 0}. Also, L ∞ is the set of essentially bounded measurable functions on (X, B, µ) and similarly, L ∞ 0 are functions in L ∞ with zero integral. The space L 0 is the set of measurable functions on (X, B, µ). Let M be the family of invertible measure preserving transformations defined on (X, B, µ) and E is the family of ergodic invertible measure preserving transformations on (X, B, µ). We obtain the following main positive result: Theorem 1.1 (Coboundary existence). Let p ≥ 1 and suppose f ∈ L p 0 . There exist T ∈ E and g ∈ L p−1 such that f (x) = g(x) − g(T x) for a.e. x ∈ X.
In some sense, Theorem 1.1 gives the best possible positive result. The following theorem demonstrates a major limitation for solutions to the coboundary equation. In particular, typically, there is no solution g in the same integrability class as f , even when allowing T to range over all of E. Theorem 1.2 (Nonexistence in the same L p ). Given p ≥ 1, there exist f ∈ L p 0 such that for any solution T ∈ E and measurable g to the coboundary equation
for q > p − 1. More generally, there exists a dense G δ set G p ⊂ L p 0 such that for any f ∈ G p , and any solution pair T, g with T ∈ E, then g / ∈ L q for q > p − 1.
The solution g is referred to as the transfer function for coboundary f . Theorem 1.2 implies for generic mean-zero f ∈ L p for p < 2, that any transfer function is not integrable, regardless of T ∈ E. However, for f ∈ L 1 0 , we can always find a solution with measurable g ∈ L 0 . For the case where f is only assumed to be measurable, we give a straightforward equivalent condition for the existence of a measurable transfer function. Also, Theorem 1.3 highlights the need to control T , or the inter-dependence of T and f , if one hopes to find a measurable transfer function.
Theorem 1.3 (Measurable fransfer functions)
. Suppose (X, B, µ) is a standard probability space and f ∈ L 0 is non-zero on a set of positive measure.
• The class of ergodic invertible measure preserving transformations T such that f = g − g • T has a measurable solution g is first category (i.e., meager); • The coboundary equation f = g − g • T has a solution pair, T ∈ E, g ∈ L 0 , if and only if f >0 f dµ = − f <0 f dµ, whether both integrals are ∞ or finite. This is an extension of Anosov's observation [3] to include the case where f is not integrable.
Connections to Previous Research
There has been substantial interest in the study of the cohomology of dynamical systems. Much of the recent focus is on smooth dynamics including hyperbolic actions or actions of lie groups. Powerful rigidity or local rigidity results have been obtained involving cocycles. Some of the earliest results include [17] and [18] . Cocycle rigidity depends closely on solving the coboundary equation, since the difference between cohomologous cocycles is a coboundary. Livsic [24] provided one of the earliest regularity results in this setting by demonstrating Hölder cocycle rigidity for families of U-systems, topological Markov chains and Smale systems. More recently, this Hölder regularity has been extended to nonuniformly expanding Markov maps [16] , and to Weyl chamber flows or twisted Weyl chamber flows [27] .
We will consider the coboundary equation in a general context. In the setting of topological dynamics, the following was observed in Gottschalk and Hedlund [15] and later extended by Browder [4] : a bounded continuous function f is a coboundary for a homeomorphism on a compact space if and only if the following is uniformly bounded for positive n,
2.1. Schmidt's condition. The following associated condition for measurable dynamics can be found in [26] . A measurable function f is a coboundary for T ∈ E if and only if for each δ > 0, there exists M δ ∈ IN such that for n ∈ IN,
We refer to this condition as Schmidt's condition, and it will be used in section 5 to show for any measurable function f that is essentially non-zero, then the class of ergodic invertible measure preserving transformations T such that f = g − g • T has a measurable solution g is meager (first category). Originally, Anosov [3, Theorem 1] demonstrated that there are no measurable solutions g in the case that f is integrable and X f dµ = 0. However, our category results apply in the situation that X f dµ = 0.
2.2. Non-measurable solutions. Using the axiom of choice, we can always obtain a solution g. Partition X into orbits. For each orbit O, choose a single point x 0 ∈ O. The coboundary equation leads to the following telescoping series, for n > 0,
and for backward iterates,
If we define g(x 0 ) = 0, then the recursion formulas above uniquely determine g at all points along the orbit and at a.e. x ∈ X. However, the result of Anosov implies this g is not measurable when f has a non-zero integral.
Here is another case where this construction clearly leads to a non-measurable solution. Suppose α is irrational and 0 < α < 1. Define f on [0, 1] by:
The integral of f is zero. Since g(x) = 0 for a single point in each orbit, then the space X equals the following disjoint union (modulo measure zero sets),
Since T is measure preserving, the set {x ∈ X : g(x) = 0} is not measurable and consequently, g is not measurable. There are other cases where it is known that the coboundary equation has no measurable solution g. It was pointed out by Kornfeld (see [2] ) that if f is a non-trivial step function taking on two values, then the transformation T must have a non-trivial eigenvalue. Thus, if T is weakly mixing and f is a 2-step function, there is no measurable solution g.
2.
3. Bounded coboundaries. This raises the question of when do solutions exist for classes of measurable functions f , when T is allowed to range over E. In [2] , it is shown that any finite step, mean-zero function is a coboundary for some ergodic invertible measure preserving transformation with a bounded transfer function g. In particular, T may be chosen in one of the following categories:
(1) T is a transformation with discrete spectrum; (2) T is a product of rotations; (3) T is a finite extension of a product of rotations. Also, in [2] , the existence of solutions is extended to mean-zero bounded functions. The case of general L p 0 functions is more subtle and addressed in this paper.
2.4.
Operator viewpoint. The coboundary equation has been viewed from the perspective of operator theory. Note that the coboundary equation may be written as,
where U T is the Koopman operator defined by U T (g) = g • T , and I represents the identity operator. Study of the operator (I − T ) when T is a linear operator (and not necessarily unitary) goes back to the 19 th century [25] . Similar to the case of real or complex numbers, for an operator T with norm |T | < 1, then I − T has an inverse and
However, for measure preserving transformations, |U T | = 1, and solving f = (I − U T )g becomes more complicated. Iterative techniques were given in [8, 9, 10, 11] as an aid for solving the coboundary equation in this setting. The paper [23] shows that for a given T , when a solution exists, it may be obtained in closed form as the following point-wise limit a.e.:
Also, the authors extend their results from the classical Poisson equation, f = (I − U T )g to the case of fractional coboundaries [7] . Their main results produce equivalent conditions for solutions to occur for fixed T . Our main results can be recast in terms of operators in the following way.
Corollary 2.1 (Operator theoretic statement of Theorems 1.1 and 1.2). Let (X, B, µ) be a standard probability space and E be the set of all ergodic invertible measure preserving transformations on (X, B, µ). Then Theorems 1.1 and 1.2 are equivalent to the following statements respectively,
and
Ergodic averages.
One of the main applications of coboundary solutions is to find functions for which the ergodic averages are controlled and converge rapidly. In the case where f is a coboundary for T with integrable transfer function g, then all moving averages (v n , L n ) converge pointwise for an increasing sequence
Other results [29] characterize the rate of convergence of L ∞ functions using approximation by coboundaries where the transfer function lands in a specific L p space. For p ≥ 1, the rate is on the order of n −p . For stationary processes exhibiting randomness (e.g., positive entropy, random fields), there is a technique for decomposing the process into coboundary and martingale components. See [13, 28, 14, 19, 12] and the references contained therein for background on this technique and its applications. This has made it possible to establish common statistical laws (central limit theorem, weak invariance principle) in these cases.
Nonsingular transformations.
There is also extensive research on the connections of coboundaries to nonsingular transformations. We do not discuss this in detail, but encourage the interested reader to check [1, 6] for its connections, including the existence of equivalent finite or sigma-finite invariant measures.
Coboundary Existence Theorem
In this section, we prove Theorem 1.1, although it is restated here in an equivalent form. We will also show later that this is generally the best possible result.
Theorem 3.1. Let p ∈ IR be such that p ≥ 1. Given any mean zero function f ∈ L p , there exists an ergodic measure preserving dynamical system (X, B, µ, T ) and a function g ∈ L
For the case of L ∞ , this theorem follows from the results of [2] . However, [2] did not handle unbounded functions. The technique given here is more straight-forward and can be adapted to find ergodic measure preserving transformations for unbounded functions. We do not focus on constructing weak mixing transformations, as was done in [2] .
First, we define balanced partitions and balanced uniform towers, as was defined in [2] . Then we state and prove lemmas modified from ones given in [2] . These are used in a new construction to establish Theorem 3.1.
We say a finite partition Π of A is ǫ-balanced and uniform, if there exists E ∈ Π such that:
(
We refer to this type of partition as a PUB(ǫ) partition for f |A . The set E is referred to as the exceptional set of the PUB. Lemma 3.2. Suppose A ⊂ X is measurable and f : A → IR is bounded and measurable. Given ǫ > 0, the function f has a PUB(ǫ) partition.
Proof. Without loss of generality, it is sufficient to prove the lemma where 0 < f ∞ < 1 and
By simultaneous Diophantine approximation [5] , there exist q ∈ IN and p i ∈ IN such that
and for i = 0, 1, . . . , 2m − 1,
i=0 B i and partition each set A i \ B i into p i subsets of measure 1/n to form Π. Therefore, µ(E) < ǫ and our lemma is proven.
3.2. Balanced Uniform Towers. Let A be a measurable subset of X and f : A → IR a bounded, mean-zero function. Given h ∈ IN and ǫ > 0, an ǫ-balanced and uniform tower for f is a set of disjoint measurable sets I i ⊂ A for i = 1, 2, . . . , h and an invertible measure preserving map T : I i → I i+1 for i = 1, 2, . . . , h − 1, such that:
f dµ, and (3.11)
We refer to this type of tower as a TUB(ǫ, h) tower for f |A . If f |A has a PUB(ǫ), then f |A has a TUB(ǫ, h), if there exist disjoint measurable sets I i ⊂ A for i = 1, 2, . . . , h and an invertible measure preserving map T : I i → I i+1 for i = 1, 2, . . . , h − 1, such that for i = 1, 2, . . . , h, I i ∈ Π \ {E} and (3.10), (3.12) hold. Lemma 3.3. Let (X, B, µ) be a standard probability space and A a measurable subset of X. Suppose f : A → IR is bounded, measurable and mean-zero. Given N ∈ IN and ǫ > 0, there exists h > N such that f has a TUB(ǫ, h) tower.
Proof: From the construction of PUB(ǫ/2) in the previous lemma, partition A i \ B i into a disjoint union of sets A i (j) for j = 1, 2, . . . , p i , such that
3.2.1. Greedy Stacking. Now we give an inductive procedure for stacking the sets A i (j). Choose arbitrary A i (j) and label the set I 1 . Given I 1 , I 2 , . . . , I k−1 , let (3.14)
This procedure produces a sequence of sets I i for i = 1, 2, . . . , h with the property:
Our transformation T will map I i onto I i+1 for i = 1, 2, . . . , h − 1. Let Φ be the set of measure preserving maps T such that I i+1 = T (I i ) for i = 1, 2, . . . , h − 1. Given T ∈ Φ, disjoint subsets D 1 , D 2 contained in I 1 with equal measure, and an invertible measure preserving mapping ψ :
Modify the map T , by switching
f j dµ| = 0, and (3.19)
Lemma 3.4 says that we can build two towers of the same width for two different functions with disjoint supports. The generality of the Diophantine approximation allows the simultaneous construction of towers with the same width. Now we are ready to proceed with the proof of Theorem 3.1.
Proof. Without loss of generality, we prove this theorem for the case X = [0, 1) and µ equal to Lebesgue measure. Also, we may assume f / ∈ L ∞ , since this case was handled previously [2] . Let k be the minimum positive integer such that µ({x : 0 < f (x) ≤ k}) > 0, and similarly let ℓ be the minimum positive integer such that µ({x : 0 > f (x) ≥ −ℓ}) > 0. If no such k and no such ℓ exist, then f must equal zero almost everywhere, and there is nothing left to prove.
In this case, let X 
For each i ∈ IN, apply Lemma 3.3 to f defined on
Note |f i (x)| < δ i for i = 1, 2, . . .. Apply Lemma 3.4 to pairs of sets I 
Thus, we can construct an ergodic measure preserving transformation T and transfer function g such that |g(
Assume without loss of generality that k i → ∞ and k i > ℓ i for infinitely many i ∈ IN. Either there exists j such that ℓ j > 1, or we may choose ℓ i ∈ (0, 1] such that ℓ i is rational, nondecreasing, and
In either case, there exists j such that k j ≥ ℓ j , and for i > j, k j + ǫ j ≤ 2(k j − 1), and also for x ∈ Y
Thus,
This completes the proof that g ∈ L p−1 (X). ✷
Non-existence of L p -coboundaries
In [20] , Kornfeld shows that given T ∈ E which is a homeomorphism on a compact space X, there exists a continuous and bounded coboundary f such that its associated transfer function is measurable, but not integrable. Also, it is pointed out that given T , f may be constructed such that the transfer function g is in L p for specified p ≥ 1, but not contained in L q for q > p.
However, if the function f ∈ L p 0 is specified first, Kornfeld conjectured that there always exist an ergodic invertible measure preserving transformation T and g ∈ L p such that f = g − g • T a.e.
2 In this section, we disprove this conjecture. Furthermore, we prove a strong non-existence result showing that for generic f ∈ L p 0 , there are no T ∈ E and g ∈ L q for q > p − 1 such that f = g − g • T a.e. This is the statement of Theorem 1.2, and shows that generic L p 0 functions lead to "wild" transfer functions (as termed in [20] ), universally for all T ∈ E.
A principal obstacle to solving the coboundary equation is imbalance between the positive and negative parts of a typical function f ∈ L p . Suppose a i ∈ IR for i ∈ IN is an increasing sequence of real numbers such that lim i→∞ a i = ∞, and for all reals α > 0,
Given f ∈ L p and i ∈ IN, let
We are ready to define our generic class of L p functions. Given n ∈ IN, define
Below we prove that G The key property of the sequence a n is the fast growth rate. The following lemma will be used to guarantee that coboundaries f ∈ ∩ 
Choose a subset Y ⊂ X such that
as a modification of f 0 in the following manner:
Thus, there exists a ′ > a i and a ′′ > a i−1 , and µ ′ , ν ′ such that
It is not difficult to see that the
We have the following core result of this paper. Proposition 4.4. Suppose f ∈ G p , T ∈ E and g is a measurable function. If the coboundary equation
Proof of Proposition 4.4 : Let sgn be the standard sign function defined as sgn
Note, for i ∈ -Z, the coboundary equation expands to the following:
Define our specialized sign function ρ : X → {−1, 1} based on the following:
otherwise if g(x) > a n /2, then let ρ(x) = −1. For n ∈ IN, let c n = a n /a n−1 . Assume f ∈ L p (X) and q > p − 1. Choose integer k > 1 such that kq > p. Let A n = u n−1 (f ) and B n = v n (f ). For x ∈ B n , let
Thus, for n ≥ N,
µ(B n ) for n ≥ N. We break the proof down into 4 separate cases and handle each separately.
At least one of the B n,m satisfies µ(B n,m ) ≥ (1/8)µ(B n ) for m = 1, 2, 3, 4. We handle the case µ(B n,1 ) ≥ (1/8)µ(B n ) first. We create tiles in the following way. For x ∈ B n,1 , let
There exists J = J n,1 such that for x = y, x, y ∈ J,
The L q -norm of the transfer function g will blow up on the set J. Before completing the general proof, it is helpful to see how the argument goes in a special case. Suppose ℓ x = an a n−1 for x ∈ J. This implies for x ∈ J, T i (x) / ∈ B n on the order of an a n−1 times. Also, for this special case, T i (x) cannot fall in B n for 0 < i < ℓ x . Note that T i (x), 0 ≤ i < ℓ x , does not fall in A n by the previous choice of J. But, for x ∈ J, the transfer function at T i (x) will be on the order of the sum, so that g(T i (x)) will be on the order of a n (or an 4
). This implies
But the last term tends to infinity as n → ∞ by the definition of a n and Lemma 4.1. General proof for case 1: First we prove the following lemma.
Proof of lemma: Suppose the lemma is not true. Then
f (T i x)| ≥ ℓ 0 a n − (ℓ x − ℓ 0 )a n−1 = ℓ 0 a n − ℓ x a n−1 + ℓ 0 a n−1 (4.5)
This contradicts the definition of ℓ x . ✷ Resume proof of proposition:
Thus, we have the following
a n a n−1 1 2 µ(B n,1 ) (4.13) > 1 32 | a n 4 | q a n a n−1 µ(B n ) (4.14)
= a q+1 n 32(4 q )a n−1 a 32(4 q )a n−1 n 2 = ∞.
Proof for case 2:
a n a n−1
a n a n−1 k−1 q = ∞, then our result follows for case 2. Case 3 would be handled in a similar manner as case 1, except we would base our estimate of g(x) on the inverse of T . Thus, we have the following
The next steps continue in a similar manner as case 1. Also, case 4 follows in a similar manner as case 2, except by using T For i ∈ IN, let A, B i be disjoint sets in X, and b i > 0. Define f as
We will give conditions on the fast growth rate of b i as well as conditions on the sets A, B i to guarantee that f is contained in L Choose disjoint sets B i ⊂ A c such that
Observe that f ∈ L 1 is mean zero. 
Note, ℓ x < ∞ for almost every x ∈ X, otherwise our result follows directly. Thus, exclude points x ∈ X where ℓ x = ∞. Choose k n ∈ IN such that
ρ(x)ℓ x ]. We do not need to consider all of the cases as in Proposition 4.4, due to the special nature of the counterexamples f in this result. We create tiles in the following way. For x ∈ B n , let
There exists J n such that for x = y, x, y ∈ J n ,
First we prove the following lemma.
This contradicts the definition of ℓ x . ✷ Resume proof of proposition: Thus, we have the following
Category of Transformation Solutions
In this section, we prove for any non-trivial measurable function f , the set of ergodic measure preserving transformations T such that the coboundary equation f = g −g •T has a measurable solution g is a first category set (meager).
Proposition 5.1. Let f be a measurable function such that µ({x : f (x) = 0}) > 0. Let T be the set of ergodic invertible measure preserving transformations T such that f = g − g • T has a measurable solution g. The set T is a set of first category (meager).
Proof. Let η ∈ IR such that 0 < η < 1/10. For each n ∈ IN, define D n = {T ∈ E : ∃k > n such that µ({x : | S ∈ E :
is an open neighborhood containing T and contained in D n . To establish that D n is dense, it can be accomplished by an application of the ergodic theorem. Let S ∈ E and ǫ ∈ IR be such that 1/20 > ǫ > 0. If S ∈ D n , then we set T = S. Otherwise, assume S / ∈ D n . Choose α > 0 such that the set A = {x ∈ X : f (x) > α} has positive measure. Similarly, choose β > 0 such that the set B = {x ∈ X : f (x) < −β} has positive measure. Let γ ∈ IN be such that
Choose ℓ 0 > n such that for ℓ ≥ ℓ 0 , µ {x ∈ X : Choose h > ℓ 0 such that ℓ 0 h < ǫ 4 .
There is a Rohklin tower of height 4h with base I such that This implies T ∈ D n and ||T − S|| < ǫ. Thus, T = ∩ ∞ n=1 D n is a dense G δ set. If T ∈ T , then Schmidt's condition (2.1) for a measurable transfer function does not hold, and our result follows. ✷ With a little elbow grease, the previous argument can be used to prove a stronger category statement.
Let ǫ n > 0 for n ∈ IN be such that ∞ n=1 ǫ n < ∞. Use Lemma 3.3 to construct balanced towers with error after passing through the tower once, and with measure of the remainder, less than ǫ i where i represents the next application of Lemma 3.3 (or Lemma 3.4). Lemma 3.4 is used to combine towers periodically to ensure the resulting transformation is ergodic. To see that f is a coboundary consider a large sequence of iterates, x, T x, T 2 x, . . . , T n−1 x.
Since the ǫ i are only used once at each stage, then the error in a TUB(ǫ i , h) will be summable across along constructed TUBs. Thus, for every partial orbit x, T x, T 2 x, . . . , T n−1 x, the only portion to consider is the TUB it starts in, and the TUB it ends in. Otherwise, the other portion of the sum that covers a TUB will have a bounded sum (each summand less than a unique ǫ i for some i). However, as n → ∞, the portion of the orbit that starts or stops in X n for n ≥ N will go to zero in measure as N → ∞. Therefore, f will be a coboundary for the constructed T with a measurable transfer function g. ✷
